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Abstract 

We explore some of the special features with respect to Bredon co- 
homology for groups whose finite subgroups are all either nilpotent or 
p-groups or cyclic p-groups. We get some results on dimensions and also 
a formula for the equivariant Euler class for certain groups. We consider 
the generalization for Bredon cohomology of the properties of being du- 
ality or Poincare duality and study their behavior under p-power index 
extensions with coefficients in a field of characteristic p. 



1 Introduction 

Posets of subgroups are relevant objects in finite group theory. However, almost 
nothing is known about these kind of posets for arbitrary groups. A few of 
the known properties of the finite case translate without problems to arbitrary 
groups, however most of the known results have no obvious translation. 

Classifying spaces for proper actions EF (see Section [5] for a definition) yield 
a motivation to study the poset of non-trivial finite subgroups in an arbi- 
trary group r. Originally due to its appearance in the famous Baum-Connes 
conjecture, these spaces have received a lot of attention recently. Bredon coho- 
mology is a cohomology theory that can be defined using the space EF exactly 
as ordinary cohomology can be defined using the ordinary classifying space EE. 
We also use the term to refer to the study of the group properties which are 
algebraic counterparts of properties of EE (such as minimal dimension, various 
finiteness conditions, etc). The connexion between and EE was first discov- 
ered in 8 by Connolly and Kozniewsky: Let EF^ be the subcomplex of EF 
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formed by the cells on which F does not act freely. If \3^i\ is the geometric 
realization of and C is the cone construction, then there is an equivariant 
map of pairs 

(Er,Er,) -4 ic\Ji\,\Ji\) 

which induces a non-equivariant homotopy equivalence (an algebraic version of 
this fact valid for arbitrary families of subgroups can be found in |24) ) . 

This paper is in some sense the second part of [53]. There we concentrated 
in the case of virtually solvable groups to study certain aspect of their posets 
of finite subgroups and to derive consequences in Bredon cohomology. Here we 
adopt a different strategy and impose restrictions to the possible finite subgroups 
of the groups we are considering. We begin by briefly studying groups having 
all of their finite subgroups nilpotent and then we will restrict ourselves to the 
cases when all the finite subgroups are either p-groups or p or cyclic p-groups 
where in each case p denotes a fixed prime. Our aim is also to gain a better 
understanding of the chain complexes associated to the posets. We get some 
results concerning dimensions, for example from Theorem 12. 5[ Lemma 13.21 and 
Example 13.61 we get (here R is an abelian coefficient ring, see Section [5] for the 
rest of notations) 

Theorem A: Let T be a group having all its finite subgroups nilpotent of 
bounded order. Then 

cd^r < max//eg.[pdflr B{RWH) + r{WH)\ . 
In the particular case when all the finite subgroups are cyclic p-groups this yields 

pd^r B{Rr) < cd^r < 1 + pd^^r ^(^r) 

and there are examples where either side of the inequality is sharp. 

In Sectional we consider equivariant Euler classes for groups with the same 
restrictions on their families of finite subgroups. The equivariant Euler class 
of a proper cocompact F-space is an invariant first defined by Liick in |22] 
Definition 6.8.4. The equivariant Euler class of the classifying space for proper 
actions, denoted x'"(Er), enables one to compute several Euler characteristics 
for r (see [H])- In [13] we computed a formula for x'"(Er) in the case when T 
is elementary amenable of type FPoo- In Theorem 14.61 below we prove (now, we 
refer to Section H] for notation) 

Theorem B: Assume that T = K t< G with G torsion free and K a finite 
p-group. Assume moreover that for any G < S < T all those Gnite subgroups 
H <T with HG = S arc T-conjugatcd. Then the coefEcient of [F/1] in xiWf 
is 
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^ \Nk(H)\ 

where we adopt the convention that = =1 

The hypothesis of this theorem hold true for certain finite extensions of 
right-angled Artin groups and in Section|3]we use the formula above to compute 
explicitly the Euler classes in some examples. 
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In the last two Sections we concentrate in Bredon cohomology with coeffi- 
cients in a field F of prime characteristic p. Hamilton has shown that if F is a 
split extension of a torsion free group G by a finite p-group, then F is of type 
FPqq over F (see Definition 13.41) if and only if G is FPoo over F. Davis and 
Leary have generalized the notion of Poincare duality to Bredon cohomology, 
the notion of ordinary duality can be generalized in the same spirit. We will 
prove that the corresponding assertion to Hamilton's also holds true with re- 
spect to being "Bredon Poincare duality over F" but that the same is not true 
for Bredon duality. In other words, our Theorem l5.4l and the example of Section 
m yield: 

Theorem C: Let T = K k G with G torsion free and K a p group. Then 

i) G is Poincare duaUty over F if and only if F is Bredon Poincare duality 
over F. In this case, cdpT — cdpG. 

a) For p = 2, there are examples where G is duality over F but F is not 
Bredon duality over F. 

In particular (see Definitions 13.41 and 15.11 below) this means that with the 
same notation as in the Theorem, for any H < K, the group Ca{H) is Poincare 
duality over F. This generalizes Corollary 2.1 in |10| where the same is proven 
under the extra hypothesis that G is 5-hyperbolic Poincare duality over Z and 
leads to the following 

Question D: For which coefficient rings and classes of torsion free groups G is 
it true that any finite index extension F of G is: 

i) FP^ if G is FPo,? 

ii) Bredon duality if G is duality? 

iii) Bredon Poincare duality if G is Poincare duality? 

iv) HascdF = vcdF? 

At the end of Section [S] we consider some examples related to Question D. 
All the examples constructed in this paper are finite index extensions of either 
Bestvina-Brady groups or right-angled Artin groups. The main reason for that 
is that for these kind of groups we have a number of results available which pro- 
vide us with a good understanding of their ordinary and Bredon cohomological 
properties ([20], [19], [J). For the relevant definitions the reader is referred to 
any of those papers. 

All throughout the paper, R is an abelian coefficient ring and whenever we 
do not mention it it is assumed that coefficients are taken in Z. 

2 Basics on Bredon cohomology and first results 

Let Jf be a family of subgroups of a group F, i.e., a set of subgroups which is 
closed under F-conjugation and taking subgroups. A F-Giy-complex X is said 



3 



to be a classifying space for F with respect to !K if X is contractible whenever 
H & 'K and empty otherwise. In this case, X is denoted Ej^F. These kind of 
spaces are known to exist and to be unique up to F-homotopy equivalence ( |28j 
16). 

For each H G J-C, the augmented chain complex oi X^ is an exact chain 
complex of WH-modu\es where WH := Nr{H)/H is the Weyl group. This 
means that X yields a family of resolutions of the trivial module, one for each 
subgroup H €'K. Consider now the category O^F (see [2^). Its objects are the 
transitive F-sets with stabilizers in J£, (i.e. F-sets of the form T /H with H G ^K) 
and its morphisms are F-maps. A Bredon contramodule or just a contramodule 
is a functor from Q-kT to the category of i?-modules. For example, the constant 
functor T/H i? is called the trivial contramodule. Bredon contramodules 
together with natural transformations between them form a new category which 
has products and coproducts. Let H,K <T and denote by R[T/H,r/K] the 
free i?-module generated by the F-maps from T/H to T/K. Via Yoneda's lemma 
one easily sees that T/H R[r/H, T/K] where if G J{ is a projective Bredon 
contramodule. 

From this it is easy to see that the category of contramodules has enough 
projectives so we may form projective resolutions and define homology and 
cohomology in the usual way. For example, the Bredon chain complex mapping 
each F/_ff to the chain complex of X^ is a Bredon projective resolution of the 
trivial contramodule. As in ordinary cohomology, cd^jc F is the smallest length 
of a projective resolution of the trivial contramodule. In the particular case when 
J{ = J" is the family of the finite subgroups of F we will write cd^F := cd^g^F 
and EF ;= Eg^F. As in the ordinary case, except for some small dimension 
exceptions, cd^F equals the minimal dimension of a model for EF. 

We view J£ as a poset and denote by J{, the i?F-chain complex of the 
geometrical realization of iK. Also, if iJ < F, we use ^h, or !Hjy(F) is there 
is possible confusion about the ambient group to denote the poset 

^^^(F) = ■■= {K e :k \ H < K}. 

By [24] (Lemma 2.3, Remark 2.4 and Theorem 2.5), a projective Bredon 
resolution of the trivial contramodule is determined by the WH-posets 'Kh- 
This is the algebraic version of the homotopy equivalence mentioned in the 
introduction which goes back to Connolly and Kozniewski ([S])- 

Sometimes, we can consider the smaller poset 'KiiWH): 

Lemma 2.1. If H e K has the property that for any H < K e 5{, H < Nk{H) 
then there is a W H -homotopy equivalence 

\'Ki{WH)\ ^wH \'Kh{T)\ 

Proof. Consider the inclusion which is a VF-ff-map of posets: 

i : :Ki(WH) 5{h(F). 

By [5] Theorem 6.4.2 we have to prove that for any H < S < Ny{H) the induced 
map i^' : Jii{WH)^ 3{//(F)'^ between the fixed points subposets yields an 
ordinary homotopy equivalence. For any K G J£/f (F)"^ 

i^/K^ ■. = {H<T< Nr{H) \ T < K and S < A^r(T)} 
:^{H <T < Nk{H) I S < NriT)} 
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But since S < Nr{K), we have S < Nr{NKiH)) thus li'^/K^] ~ * and by 
Quillen's Lemma (see for example [5] 6.5.2), the map is a homotopy equiva- 
lence. □ 



The hypothesis of Lemma [2.11 does not always hold (see [24] Remark 2.8), 
but note that it does hold if all the groups in 3{ happen to be nilpotent. We 
denote by 3Nf and A respectively the posets of finite nilpotent subgroups and of 
finite elementary abelian subgroups of F. Then J^i and Ai are the corresponding 
subposets of non-trivial subgroups. 

Lemma 2.2. (Quillen-Thevenaz) Let F be an arbitrary group. There is a F- 
homotopy equivalence 

\J^i\^r\Ai\. 

Proof. This follows from the standard proof for the case of a finite group which 
can be found for example in [2] Theorem 6.6.1 and which we sketch below. 
Let i : yii — > 3\fi be the inclusion. Again, we have to check that for any 
S <T the induced map i^' : ^if — > 3Nff yields an ordinary homotopy equivalence 
and by Quillen's Lemma it suffices to check that for each P < F nilpotent 
normalized by S, the poset Ai{P)^ consisting of those non-trivial elementary 
abelian subgroups of P which are also normalized by S is contractible. Note 
that as P is nilpotent, Z{P) ^ 1. Let Pq < Z{P) the subgroup generated by 
the elements in Z[P) of prime order, then Pq is normal in P and normalized by 
S so the poset Ai{P)^ is conically contractible ( 2 Definition 6.4.6). □ 

We have chosen to prove the full versions of Lemmas 12.11 and 12.21 note 
however that in the sequel we will only need the weaker fact that in either case 
there is an equivariant map which is an ordinary homotopy equivalence, as this 
yields an equivariant quasi-isomorphism between the chain complexes associated 
to the geometric realizations of each poset. 

We let EC, be the result of augmenting and suspending the chain complex 
C,. A projective resolution of C, is a chain complex of projectives P, together 
with a F-quasi-isomorphism P» — > C,. And the projective dimension pd^p C, 
is, as for single modules, the smallest length of a projective resolution of C,. 
Using the Comparison Theorem it is easy to show that quasi-isomorphic chain 
complexes have the same projective dimension (see Lemma 2.1 of |24) ) . 

Here and throughout the paper, for any family of subgroups 'K oi & group 
F we denote by 5£/F a set of representatives of the F-conjugacy orbits in 
Combining Theorem 2.6 in [24] and Lemmas 12.11 and 12.21 we immediately get 

Theorem 2.3. Assume that all the finite subgroups ofT are nilpotent of bounded 
order. Then 

cdpF = max pdoww Syii(T/F-ff),. 

Recall that the i?F- module of bounded functions (first defined in [T^) is: 

B{RT) := {/ : F ^ P I /(F) is finite}. 

One of its main features is that it is projective when restricted to any finite 
subgroup of F, so it can have finite projective dimension. In fact, its projective 
dimension is a group invariant such that for virtually torsion free groups F, 
pdflp B{RT) = vcdfl F (see ^ Lemma 3.9). 
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Lemma 2.4. Let A, an R-free chain complex of RT-modules with pd^p A, < 
oo. Then 

pdj^P A, < length A, + pd^p B(Rr) 

Proof. The resuh is obvious if pd^p B{RT) — oo, so we may assume it is finite. 
By the version of ^25] Lemma 3.4 for chain complexes (which can be proven 
analogously) , 

pd^P A, = pdj^p [A, (g)R B{Rr)] . 

Now, take a projective resolution P, — > B{Rr), where B{Rr), is seen as 
a complex concentrated in degree 0. By the Kiinneth Theorem A, P, has 
the same homology as A, B{r), therefore the induced map A, P, 
A, ®R B{r) is a projective resolution thus 

pd^p[A. (E)R B{Rr)] = pdflp(A. (S)R P.) 

< length(A, (g)_R, P.) = lengthyl, + pdfl.p B{RT). 

□ 

Theorem 2.5. Assume that all the finite subgroups ofT are nilpotent. Then 
pd^P B{Rr) < cd^F < max [pdflvi'ff B{RWH) + r{WH)] 

where r(WH) is the biggest rank of a finite elementary abelian subgroup ofWH. 

Proof. The lower bound is well known. The upper bound follows from Theorem 
[221 and Lemma [231 □ 

One more consequence of the nilpotency of the finite subgroups is the next 
result which will be useful below. 

Lemma 2.6. Let T be a group having all its finite subgroups nilpotent. If there 
are H < K both finite with \Cr{H) : Cr{K)\ < oo, then |^F^f | ~ *. 

Proof. Recall that by Lemma [23 there is a VKi/-homotopy equivalence 

\Ji{WH)\ ~ \JHir)\. 

Let L := Nk{TI) = K r\ Nr{H), observe that as K is nilpotent, we have 
H < L thus L/H e ^i{WH). Obviously, Cr{K) < Cr{L) < Ct{H) thus 
the index \Ct{H) : Cr{L)\ is also finite. And as each centralizer has finite 
index in the corresponding nornializer, this implies that also r := \Nr{H) : 
Ny{L) n Nr{H)\ < oo. Now, the argument in the proof of |S] Corollary 6.1 
shows that there is some L < S < Nr{H) with S/H e Ji(WH) thus Ji{WH) 
is conically contractible. For the reader's convenience, we recall briefly that 
argument here. Let S denote the set of all products of conjugates of elements of 
L by elements in Nr{H), then obviously L < S < Nr{H). We claim that S is 
finite. To see it, it suffices to observe that whenever l,t G L and x,y G Nr{H), 
there are some h G L and z g Nr{H) such that l^t^ = t^h^ thus every element 
of S can be written as a product of at most r conjugates of elements of L. As 
L is finite, the claim follows. 

□ 
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Theorem 2.7. Let T be a group with all its finite subgroups nilpotent of bounded 
order and with cd^F < oo. Assume that there is an order reversing integer 
valued function / : 3" Z such that for each H < T finite pd^^^ B{WH) < 
1{H) and either 1{K) < 1{H) for any H < K G 3^ or there is some H < K E 3^ 
with Nr{K) and Nr{H) commensurable. Then cd^F < ^(1). 

Proof Use Theorem 2.12 of 24 and Lemma [gH □ 

3 The case of cyclic or rank 2 elementary abelian 
finite ]9-subgroups 

Obviously, the results of the previous Seetion apply for groups having all their 
finite subgroups p-groups of bounded order. In the particular case when more- 
over all the finite subgroups are cyclic things work specially well. Note that in 
this case, 

Ai^{H <T\\H\^p}. 

Therefore we have: 

Lemma 3.1. Let p be a prime and F a group such that all its finite subgroups 
are cyclic p-groups of bounded order. Then 

pd^r B{Rr) < cd^F < pd^r ^(^r) + 1 

Proof With the notation of Theorem [131 riWH) < 1 for any H <T finite. 
Moreover, pdj^^H BiRWH) < pdj^j^B{RT) (TS] Lemma 7.3). Thus it suffices 
to apply Theorem 12.51 □ 

There are in the literature many examples of virtually torsion free groups 
F having vcd^ F = cd^F. Using any of those it is very easy to construct an 
example having all its finite subgroups cyclic p-groups thus showing that the 
lower bound in Lemma 13.11 can be sharp. In Example 13.61 we will construct a 
group that shows that also the upper bound can be sharp, thus completing the 
proof of Theorem A. To do that we will be use the next results. 

Lemma 3.2. Let T be a group such that all finite subgroups of F are cyclic 
p-groups of bounded order. Let M = Ker{w) where w is the augmentation 

QGAi/r 

Then 

pd^r M + l= pd^r S-^i. = pd^r < pd^r ^(^r) + 1. 

Proof. Lemma 12.21 implies that |3^i| ~r \Ai\ so pd^p S^i, — pd^pS^li,. The 
chain complex Y,Ai, is 

QeAi/r 

Obviously, this chain complex is quasi-isomorphic (via inclusion) to the chain 
complex having only M concentrated at degree 1. The inequality follows from 
Lemma [Ol □ 
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Theorem 3.3. Let T = K t< G with K a finite cyclic p-group and G torsion free 
with n = cd/j G < oo. Then cd^F — n + 1 if and only if there is some T < F 
finite and some RCciT) -module U such that 

res:H"(CG(T),U) ^ J] H'^(Cg(Q),U) 

Qeyii(WT)/CG(T) 

is not an epimorphism (in particular, n = cdjiCaiQ) — cdjiCciT) for some 
T < Q finite). 

Proof. By Theorem 12.31 the condition cd^F = n + 1 is equivalent to the fact 
that for some finite T, 

pdji^j. j:Ai{WT),=n + l. 

As pdjmrrpJ^Ai{WT), < cdRCciT) + 1 by Lemma 13.21 this already implies 
that n = cdRCciT) (recah that in this case pdj^^^j. B{RWT) = vcdn WT = 
cdi^CG(T)). Moreover for any T < Q, Q < Nr{T) and CciQ) < Cg(T) so 
to simplify notation we may factor out T and assume T — 1. Note also that 
as the index |F ; G\ is finite, a Serre-type argument shows that the projective 
dimensions of any F-module or F-chain complex of finite F-projective dimension 
with respect to both F and_G are equal. 

By Lemma 13.21 pd^^. S^li, — n + 1 if and only if pd^g. M — n where M fits 
in the short exact sequence (here we are seeing this as a sequence of G-modules, 
by the remark above this does not affect the projective dimensions) 

O^M^ i?tg,(Q)->i?^0. 

QeAi/G 

Consider the associated long exact sequence of Ext functors for any i?G-module 
U. Taking into account that 

Ext^,G(0 Rca{Q)t'',U)^ n W{Cg{Q),U) 
Ai/G Ai/G 

we see that the last nontrivial terms of that sequence are 

H"(G, U)^ U H"(Cg(Q), U) ^ ExtlaiM, U) ^ 

Ai/G 

where the first map is restriction. This yields the claim. □ 

In the next result we consider the same kind of groups but with the extra 
assumption that F satisfies the Bredon analogue to the ordinary FPtxj condition. 
This is called Bredon FPqo or, for the case of the family 3" of finite subgroup 
which is the one we are considering, FPoo- The easiest way to define this 
condition is as follows: 

Definition 3.4. A group F is of type FP^ over R if it has finitely many 
conjugacy classes of finite subgroups and for any _ff G 3^, the Weyl group WH 
is of type FPqc. over R. 
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With the right notion of finitely generated contramodule, this definition 
can be shown to be equivalent to the fact that the trivial contramodule has a 
resolution by finitely generated projective contramodules. In particular, if there 
is a finite type model for EF then F is of type FP^^ (for these and other related 
Bredon cohomological finiteness conditions, see [15] and |21h. 

Observe also that it is a consequence of [5] IX Lemma 13.2 that if F is 
virtually torsion free of type FPqo and all its finite subgroups are p-groups, then 
F has finitely many conjugacy classes of finite subgroups. 

Corollary 3.5. Let T ^ K xG with K a finite cyclic p-group and G torsion free 
with n ~ cAji G < oo. Assume that F is of type FP ^„ over R. Then cdj^F = n+1 
if and only if for some T <T finite 

res; H"(Cg(T),RCg(T))-> H"(Cg(Q), RCg(Q)) 

QeAi(WT) 

is not an epimorphism. 

Proof. We continue the proof of Theorem 13.31 (in particular, we only have to 
deal with the case T = 1 in which Cq (T) = G) with the extra assumption that 
F is of type FP^ over R. Let Q G Ai and observe that as Cg{Q) is of type FP, 
by [6] VIII Proposition 6.8 there is a G-isomorphism 

H"(CG(g),i?G) = H"(CG(g),i?GG(g)) ®co(q) Rg 
-H"(CG(g),i?GG(g))tg^(Q) 

This means that we only have to prove that if the map 

res: H"(G,i?G)^ W^{Cg{Q).RG) = ^ W\Cg{Q).RCg{Q)) 

is an epimorphism, then cd^F — n. 

Now, take an arbitrary i?G-module U. Applying the right exact functor 
(— ) <S^B.G U and using again [S] VIII Proposition 6.8 we get an epimorphism 

W\G,U) = ll'\G,RG)(g)RGU"^ W\Cg{Q),RG)(E>rgU 

QeAi/G 

= H"(GG(g),i?GG(g))®«co(Q)t^ 

QGAi/G 

= H"(GG(g),C/) 
QeAi/G 

It suffices to use Theorem 13.31 □ 

In a celebrated paper f |20|). Leary and Nucinkis construct many interesting 
examples of groups using the famous Bestvina-Brady construction. One of their 
examples consists of a group F having vcdF = 2 and cdF = 3 thus proving 
that these two invariants may differ. Their group F is a semi direct product 
of a torsion free group by the alternating group thus it can not be used 
to show that the upper bound in the second equation of Theorem A can be 
sharp. Here we perform a similar construction but to get groups F as before 
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such that their non-trivial finite subgroups have all order p for a fixed prime p. 
The construction is based in a result of Jones, see [2], who proved that any 
i*"-acyclic complex where is a field of prime characteristic q is the fixed point 
of the action of a cyclic group of order coprime with q on a contractible space. 

Example 3.6. Consider the CVF-structure of RP^ with only one cell for each 
dimension and denote by / and c the 2- and 1-dimensional cells respectively so 
that d{l) — 2c. Take an odd prime p (any odd integer would do) and let Q 
be the cyclic group of p elements. By [Tl] Theorem 1, RP^ can be embedded 
in a contractible finite CVF-complex with a Q-action so that the fixed points 
subspace is precisely MP^. Explicitly the complex can be constructed as follows: 
Let Q act trivially on RP^ and add p free Q-cells sq, . . . , Sp-i on dimension 2 
that kill the 1-honiology, i.e. with S{si) = c. Then the new homology group 
in degree 2 is a free Q-module. In fact, it is the free Z-module on I — Si — 
Si^i for i — 1, . . . ,p where the subindices are taken mod p. So we may also 
kill this new homology by adding free Q-cells on dimension 3. Let L be a 
flag triangulation of the contractible complex constructed above. Then L is 
a contractible flag complex with a simplicial admissible Q-action (admissible 
means that if a simplex is fixed, all its faces are also fixed) and the fixed points 
subcomplex has the same cohomology as RP^. 

Let G = Hl be the Bestvina-Brady group associated to L. The action of Q 
on L induces an action of Q on G so we may define T — Q ^ G. Then by pO] 
Theorem 3, Cg{Q) — Hj^q, in particular Cg{Q) is also a Bestvina-Brady group. 
Moreover the fact that L'^ ^ implies that all the nontrivial finite subgroups 
of F are conjugated. As dimL = 3 and it is contractible. Theorem 22 of [T5] 
implies that cdG = 3. On the other hand, }i^{L'^,Z) ^ thus the same result 
implies cAHj^q ~ 3. 

Now denote by Z the infinite cyclic group. By [T9| Corollary 12 there is a 
short exact sequence 

^ ]^h2(L'3,Z) ^ H^(iJiQ,Z) ^ [/ ^ 
z 

for certain Z[Z]-module U. As H^(L'5, R) ^ Za we see that R^{Hlq,Z) can not 
be finitely generated as an abelian group. On the other hand, by the original 
result of Bestvina-Brady (see [20] Theorem 1) the fact that L is contractible 
implies that G is of type FPqo thus H'^(G, Z) is finitely generated (as an abelian 
group). This implies that 

res:H3(G,Z) -> h3(Gg(0), Z) = H3(iJiQ , Z) 

is not an epimorphism so by Theorem 13.31 cdT = cdG + 1 = 4. 

However L'^ is not acyclic thus the group H]^q ~ Ch^ [Q) is not of type 
FPoo thus F is not FP^q. Also, F is of type FP ^ over any ring R where 2 can 
be inverted, moreover, if 2 can be inverted in R, then cdi? G = cdj^F = 3. 

This can be generalized as follows. Let q be a prime and let M be the 
Moore space obtained from the m-sphere attaching an m + 1-cell via a degree q 
attaching map, so M has dimension m + l. Let Q — Gphe a. finite cyclic group 
of prime order p ^ q. Use Jones procedure to embed M in a finite GW^-complex 
T of dimension m -1- 2 such that T is contractible and Q acts cellularly on T with 

= M. Now, let L be a fiag triangulation of T and consider the associated 
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Bestvina-Brady group G = Hl ■ As before we may form the semi direct product 
r = Q K G and the same argument shows 

cdr = cdG'+ 1. 

Remark 3.7. By the Bestvina-Brady construction can not be used to 
produce examples of groups F with vcdF < cdF and F being of type FP ^^. 

So far in this Section we have considered mainly groups whose finite sub- 
groups have the simplest possible structure. In particular, the chain complex 
associated to the poset of non-trivial subgroups was fairly easy to describe (this 
has also been exploited in [1^ and [T] ) . Things change dramatically if one wants 
to include more complicated finite subgroups. In the next result we analyze one 
of the properties of the poset of finite subgroups in the next easiest case, i.e., a 
semi direct product of a torsion free group by a p-elementary abelian group of 
rank 2. 

Theorem 3.8. Let T = K k G with G torsion free and K ^ Cp x Gp. Assume 
that for any G < S < T there is only one conjugacy class of finite subgroups 
H of T such that HG = S. Then \3^i\ is 2-spherical or acyclic if and only if 
G^{Gg{Q)\1<Q<K). 

Proof. Let be the ZF-chain complex associated to the F-set of subgroups of 
order . There is a short exact sequence of chain complexes 

^ SB. ^ S?. ^ C. ^ 

for certain C, of length 2 vanishing on degree 0. Then C2 is the free i?-module 
on the set of pairs Hi < H2 < T with |iJi| — p, |i?2| = whereas Ci is 
the free i?-module on the set of subgroups of F or order p and the differential 
5 : C2 — > Ci maps 1hi<H2 onto 1hi- The hypothesis on F implies that any 
_ff < F of order p is contained in some subgroup of order p^ thus Hi(C,) = 0. 
From the long exact sequence of homology groups we get: 

^ H2(I]?.) ^ H2(C.) ^ Hi(Si?.) A Hi(I]J.) ^ 0. 

Then, |3^i| is 2-spherical or acyclic if and only if / = 0. The hypothesis implies 
that Hi (SB.) is freely generated as an abelian group by the elements of the form 
lif — lifs where g runs over a set of representatives of the classes in G/Cg{K), 
therefore the map / is zero if and only if for any g ^ G, Ik — lifs G ImJ where 
5 is the map 

Z 

{Q<H\Q,HeAi} {Q\QeAi} 

with 5{Iq<_h) = Iff - 1q- 

Assume first that Ik — Ia's G 1tl\5 for any g G G. Then there is a chain of 
elements gi, . . . ,gt G G and of subgroups Qi, ■ ■ ■ ,Qt < K of order p such that 
g^gt and 

6{Iqi<k - 1qi<a'9i + lQ|i<_ft:9i - Igsi^^g^ + . . . - lQt<if«) = Ix - Iks. (1) 

This implies Qf < Ks^-^ nRs- and putting 50 = 1, we have < KHK^'^^-^ 
for i = 1, . . . , Therefore by Lemma 3.4 of [24], gig~\ G GciQi) thus 

9 = gt= gtgt\gt~igt^2 ■ --g^gi^gigo^ e {Cg{Q) \ i<Q < K). 



11 



Conversely, assume G — {Cg{Q) | 1 < Q < i^}. Let g £ G and put g ^ = 
hi . . .ht where each e GaiQi) for some I < Qi < K. Then Qi < K Ci K'^'^^ 
and we can form a chain as in ([l} with 170 1 £ind gt :— h^^gi-i for i = 1, . . . , i 
mapping onto Ik — Iks- 

□ 

Remark 3.9. Basically with the same prooHt can be deduced that the condi- 
tion in the hypothesis is equivalent to Hi(E5',) = even if \K\ = for some 
n. 

Example 3.10. Let T — K t< Al where K is a. finite group acting admissibly 
and simplicially on the flag complex L and is the right-angled Artin group 
associated to L. Then for each subgroup Aj^ < S <T there is a single conjugacy 
class of finite subgroups H <T such that HAl = S. This is a consequence of 
the proof of Theorem 3 in [20]. The explicit argument is as follows: Observe 
that we may choose H < K with HAl = S and let X denote the model for the 
Eilenberg-Mac Lane space K{Al,1) whose n-cells are n-cubes corresponding to 
pairs {gxo, cr) where xq £ X is a fixed vertex; g G Al and a is an (n — l)-simplex 
of L (see [20] Section 3). Then X is a CAT(0)-space with a F action such that 
for t € K; {gxo,af = (5*^0, cr*). The fact that X is CAT(O) implies that for 
any finite H as before, X^ is contractible, in particular non-empty thus for 
some g G Al^ gxg G X^ which means that g~^Hg < K (the contractibility of 
the X^'s also implies the well known fact that AT is a model for EF). Moreover 
by [10] Theorem 2 (due to Crisp), Ga^K) = A^k. 

Now, let L be the simplicial complex represented by 

1 4 



and let the following permutation groups act on L by permuting the labelled 
vertices: 

Ki := ((1,2), (3,4)); 
K^:^ ((1,2)(3,4),(1,3)(2,4)). 
Then TheoremlSJ implies that Yii{\Ji{KiK Al)\) = Q ^Yli{\'Ji{K2K Al)\). 

4 Euler classes 

In this Section we shall concentrate on equivariant Euler classes of virtually 
torsion free groups F of type F having all their finite subgroups either nilpotent 
or p-groups or cyclic p-groups. Recall that F is of type F if there is a cocompact 
EF, this is just the Bredon analogue of the property F of admitting a cocompact 
model of EF. Many interesting families of groups such as for example word 
hyperbolic groups, solvable groups of type FPoo, mapping class groups and 
finite extensions of right-angled Artin groups by a finite group of admissible 
simplicial automorphisms of the associated flag complex are known to be of 
type F. Any group of type F is also of type FPoo so it has only finitely many 
conjugacy classes of finite subgroups. 
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Using Hattori-Stallings ranks, we could get analogous results for groups of 
type FP, i.e., groups which are FF_^ and have cdF < oo (equivalently, groups for 
which there is a finite length resolution of the trivial contramodule by finitely 
generated projective Bredon contramodules) . However, for simplicity we not 
consider here that case and moreover we work only with coefficients in Z in this 
Section. 

We use the same notation as in [53], see also [32] Definition 6.84. So we let 
r be a group of type F and put 

X^(EF):= Yl e^"i^^H.) 

where for a group S, e^{C,) denotes the equivariant Euler characteristic of an 
5'-chain complex C, having an S'- finite 5'-free resolution (i.e., the alternating 
sum of the i'-ranks of the free modules of that resolution). The same applies 
for S-modules, seen as chain complexes concentrated in degree 0. We will use 
the following properties of these Euler characteristics: They are invariant under 
5'-quasi-isomorphisms and if C, is a chain complex of length n, 

n 

e^(C7.)=^e^(C.) (2) 

i=0 

when all these Euler characteristics are defined. Moreover, if 5 < T, 

e^(C. t?) - e'iC) (3) 
and in the case when the index |T : S\ is finite we also have for a T-complex 

e^(^.) = Jf^^^'iD,), (4) 

again assuming that [D,) is defined. (For these and many other properties of 
equivariant Euler characteristics, see [3] IX). Using we may extend slightly 
the definition of Euler characteristic of a chain complex: 

Definition 4.1. Let F be a group with G < F torsion free of finite index and 
let C, be a F-chain complex (or module) admitting a finite free resolution as 
G-chain complex. Then 

One easily checks that all the properties above remain true for this more 
general version. In fact this is exactly what is done in [^ IX to define Euler 
characteristics of groups F which are virtually of type F. With the same notation 
as there we put for F virtually F: 

X(F) := e^{1). 

We also use x for the ordinary Euler characteristic of a finite simplicial com- 
plex and e for the ordinary Euler characteristic of a finite complex of finitely 
generated free abelian groups. 

For an arbitrary group F we set 

n:={H e J/F I Nt{H) is not commensurable with Nt{K) for any H < K}. 
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Lemma 4.2. Let T be a group of type F with all its finite subgroups nilpo- 
tent. Then for any H < T finite, the coefficient of [T/H] in x'"(Er) equals the 
coefficient of [WH/1] in x^"[EWH). Thus 

Hen 

Proof By Lemmas O and [22] the coefficient of [T/H] in x^(Er) is 
e'^^(EJff.) = e^"{^Ji{WH),) = e^" iJ:Ai{WH),). 
The fact that the sum can be restricted to il fohows from Lemma [2.61 □ 

We state the form that the formula of Lemma 14.21 has in the case when all 
the finite subgroups are cyclic p-groups. 

Theorem 4.3. Let T be a virtually torsion free group of type F with all its finite 
subgroups cyclic p-groups. Then 

X^(Er) = J2 (xiWH) ~ J2 x{Nv{Q)/H)) [T/H] 
Hen QeAi(WH)/WH 

Proof. Note that the fact that all the finite subgroups of F are cyclic implies 
that whenever H < Q € 3^, then Nr{Q) < Nr{H). It suffices to take into 
account that the chain complex I]Ai{WL[), is 

QeAi{WH)/WH 

and use © and ©. □ 

Remark 4.4. If iJ < F is a subgroup such that WH has all its finite subgroups 
cyclic p-groups, then the coefficient of [T/H] in ^'"(Er) can be computed with 
an analogous formula. 

To illustrate the formula of Theorem l4.3l we are going to consider the example 
of a cyclic finite extension of a right-angled Artin group. Note that if one is 
interested only in this case, another way to proceed in order to compute x'^CEF) 
is to use the model for EF described in Example 13.101 

Example 4.5. Let T = K x where K = {x [ = 1) is the cyclic group of 
order acting admissibly and simplicially on a flag complex L and Al is the 
associated right-angled Artin group . The argument quoted near the beginning 
of Example 13.101 implies that for each G < < F there is only one conjugacy 
class of finite subgroups H < T with HG — S. In particular for any H < T 
finite, H is conjugate to a subgroup of K thus we may assume H < K and then 
NriH) ^ K K CciH) ^ K K A^h, therefore WH ^ K/H x A^h is a group of 
the same kind. Denote Ki = {x^ ) . The formula of Theorem 14.31 and (U) yield 

X^{W)^x{ALK)[T/K]+j^^x{AL'<.)-x{A^^<.-^))[T/K/\. 

4 = 1 ^ 
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Euler characteristics of right-angled Artin groups were computed in [7] Corollary 
2.2.5 where it is proven that x{^l) = 1 — x{L)- Therefore 

x^(Er) = (i - xiL^)) [r/K] + {xiL"^-') - x(i^o) I^/k.]. 



We proceed now to the proof of Theorem B. First, we observe that it follows 
from [3T] Theorem 4.2 that a virtually torsion free group F is of type F if and 
only if all the Weyl groups WH for H E 3^ are virtually of (ordinary) type F. 

Theorem 4.6. Assume that T — K x G is of type F with G torsion free and 
K a finite p-group. Assume moreover that for any G < S < T all those finite 
subgroups H < T with HG = S are T -conjugate. Then the coefficient of [F/l] 
in x'"(Er) is 

( l9p\Hl \ 

(-iys,\H\ \ 2 ) 

Hi^A(K)/K ' ^ ^ 



where we adopt the convention that :~ 



:= 



Proof. By Lemma lO the coefficient of [F/l] in x^(EF) is e^{Y.Ai,). We may 
decompose each degree of the complex of YjAi, as a sum of modules according 
to the F-conjugacy class of the top subgroup of each chain. The hypothesis 
implies that we may choose as representatives of the F-conjugacy classes of 
finite elementary abelian subgroups of F just a family of representatives of the 
_ftr-conjugacy classes of elementary abelian subgroups of K. Let us denote by 
§(iJ) the poset of proper subgroups of the p-elementary abelian group H and 
by §{H), the corresponding augmented chain complex. Note that a chain a : 
Ko < . . .Ki-i < Ki ^ H in Ai shows on in T,Ai, precisely at degree i + 1 
and corresponds to a degree i — 1 chain in S(-ff), (we are not suspending this 
complex, just augmenting it). Note also that each such chain yields exactly 
F : Nr{H)\ chains of the original complex with top subgroup lying in the same 
conjugacy class. Also, for any i, §{H)i t7Vr(_ff)^G is a sum of G-modules which 
are F-conjugated to §{H)i tcdH)- Cg{H) is of type F and acts trivially on 
${H)i, we see that this module has a finite CG(-ff)-free resolution. Therefore 



^ HeAi{K)/K 

where in the first equality we are applying ([2]) twice: one to decompose E^li, 
in terms of the modules §{H)i t7Vr(//) ^^'^ ^ second one to recover the complex 
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If Iff I = p, §{H) = thus e(§(i7)) = -1. And if \H] = for n > 2 this 
Eulcr characteristic is well known to be (see [17] Example 3.10.2) 

e(S(ff).) = (-l)>(s). 
From this we get the result. □ 

Corollary 4.7. Let K ^ 1 be a finite p-group acting admissibly and simplicially 
on the flag complex L and T = K tK A^. Then the coefficient of [F/l] in x'"(Er) 
is 

( l3p\H\ \ 

^ \Nk{11)\ ' 

HeA(K)/K \ tv\ i\ 

Proof. By the beginning of Example 13.101 F (and all its Weyl groups) satisfies 
the hypothesis of Theorem 14.61 Moreover, by [7j Corollary 2.2.5, xi-^L") = 
1 — x{L^) for any iJ < F finite. Therefore the Corollary follows from Theorem 
once we have proven 



(-l)ig.|g|pV - J e(§(g).) 1 

^ \Nk(H)\ ^ \Nk{H)\ \K\ 

H£A{K}/K \ J\ HeAi{K)/K ' ' ' 

But observe that 

\K:NK{H)\e{§{H).) = e{Ai{K).) = l 

HeAi{K)/K 

since |yii(i^)| is contractible by a well known result of Quillen (in fact it is 
conically contractible, see [2 ) □ 

Example 4.8. Let K ^ Cp x Cp act admissibly and simplicially on a flag 
complex L and put T — K tK Al. Then the coefficient of [F/l] in x'"(EF) is 



-lx(i) + ^ E x(i^) - ix(i^). 

^ ^ 1<H<K ^ 



If the hypothesis in Theorem 14.61 are inherited by centralizers, then the for- 
mula together with Lemma allows to compute the whole Euler class X^^d^r). 
We do it in the next example: 

Example 4.9. Let K — {x,y \ = y'^ = Ijy'^ = y~^) be a dihedral group 
acting admissibly and simplicially on a flag complex L and put F = k A^. 
Then the coefHcient of [F/l] in x^(Er) is 

Heiii H<En2 

where = {(x), {xy)} and = {{x, y^), {xy, y^)}. 

For ff e 1^1 U U {(y)}, \Nk{H)/H\=2 and the coefficient of [F/i7] is 

-\x{L") + \x{L^'<^"\ 
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For H = Nk{H) = K, Nk{H)/H = C2 x C2 and the coefficient of 

[T/H] is 

sea2u{(y)} 

Finally, the coefficient of [V / K] is 1 - x(L^). 



5 Duality and Bredon cohomological dimensions. 

Example 13.61 shows that a finite extension of prime index of a torsion free group 
of type FPoo might not be of type FPoo- However, Hamilton ([H] Theorem E) 
has shown that this phenomenon can not happen if we work with coefficients 
in a field of prime characteristic equal to the index of the extension. We are 
going to use Hamilton's techniques to further explore the properties of Bredon 
cohomology in characteristic p of groups F which are a p-power index extension 
of a duality or Poincare duality torsion free group. The notion of Poincare 
duality has been generalized to Bredon cohomology by Davis and Leary and we 
may also generalize the notion of a duality group in the same spirit. 

Definition 5.1. (J^) A group F is a Bredon duality group over R if it is of 
type FPqo for i?, cd^F < 00 and for any finite subgroup H there is an integer 
riH such that 

is _R-flat if i = tih 



B\WH,RWH) = 



in other case. 



If F has the same property with the extra requirement that for any H <T finite, 
H"" {WH, RWH) = R, then we say that F is a Bredon Poincare duality group 
over R. 

Note that for torsion free groups, this reduces to ordinary duality or Poincare 
duality. Recall that if G is a torsion free duality group, the integer n := ni is 
called the dimension of G and n = cda G. We will denote A/j(G) :— H"(G, RG), 
this is called the dualizing module. 

We fix now a field F of characteristic p. 

Proposition 5.2. Let G be a duality group over F of dimension n, T = Q k G 
with Q = Gp and U = Fq 'f^. Then for m > 1, 

n 

ir{r/G,iP{G,u))^ ^h^{Gg(h),fCg{h)). 

Hes'i/r i=o 

Proof. Observe first that as U ic— RG, the fact that G is i?-duality implies 
li-'{G,U) = unless j = n so the Lyndon-Hochshild-Serre spectral sequence 
associated to the group extension l^G^T^Q^l yields 

H"+"(F, U) = H'"(F/G, H"(G, U)). 

Consider now the short exact sequence of Lemma 13.21 
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and recall that pd^p M < n. From the long exact sequence associated to 
Extp(— ,[/) we get an isomorphism 

H™+"(r,C/)= H™+"(iVr(i?),?7). 

He'Ji/r 

For any H € 3^i, the Mackey formula together with the fact that since iVp (H) = 
H X Cc{H), H is the only finite subgroup of Nr{H) imply that 

where Uh ■= Fh t^^^^^ and V is a free A^r(^^^)-niodule. Then, as m + n > n > 
vcdiVr(i?), 

W^+^{Nt{H), U) = H"+"(iVr(i/), Uh). 

As we are working with coefficients in a field F and H — Cp, we have (H, F) — 
F. Then, using the Kiinneth Theorem exactly as in the proof of [H] Proposition 
2.4 we get 

n n 

H™+"(iVr(iJ),[/^^) = 0ff(CG(iJ), 0ff(CG(i?),FCG(iJ)). 

1=0 1=0 

□ 

Note that with the notation of Proposition 15. 2[ we may see Ap{G) = 
H'^G, U) as a Q-module and then H"(Q, ApiG)) = H'"(r/G', H"(G, U)). 

Corollary 5.3. IfT~Q\KG with Q — Gp is Bredon duality over F, then for 
TO > 1, 

ir{Q,AF{G))^ Ap{Gg{H)). 

We may now prove the analogous of Hamilton's result for Poincare duality 
groups, which is the first part of Theorem C. As stated in the Introduction, this 
result generalizes Corollary 2.1 in ^TU\ . 

Theorem 5.4. Let G be a Poincare duality group over F and T a finite index 
extension of G such that |r/G| is ap-group. Then T is Bredon Poincare duality 
over F and cd^F — cdp G. 

Proof. We proceed by induction exactly as in the proof of [H] Theorem 6.4. 
Then one can reduce to the case when F = Q k G with Q = Cp. The fact that F is 
Bredon Poincare duality follows from Proposition l5.2l Using [3] Proposition 9.22 
we see that every subgroup of a Poincare duality group has either finite index or 
it is of homological dimension strictly smaller than that of the original group. 
This means that we may apply Theorem 12.71 with 1{H) :— hdRCoiH) thus 
cdpT < hd^G = cdpG (recall that G is of type FPqo over F thus hd^G = cd^ G 
and the same holds for any Gg{H)). 

□ 

We consider now the Question D of the Introduction. 
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Examples 5.5. i) Leary-Nucinkis ([20]) have examples where F is FPoo and not 
FP ^. In Section [3] we have constructed an example with the same property and 
such that |F : Gj is a prime. But by [12] this can not happen in characteristic 
p if F/G is a p-group. 

ii) Davis-Leary ([Q]) have examples where G is Poincare duality but F is not 
even FP ^„ and also examples where G is again Poincare duality and F is FP ^^ 
but not Bredon Poincare duality. And in [TU] Theorem 2.2 and the Remark 
after that Theorem, Farrell-Lafont construct examples where G is i5-hyperbolic 
and Poincare duality and |F : G| is a prime but F is not Bredon Poincare duality 
and also examples such that |F : G| is not a prime and F is not Bredon Poincare 
duality over any PID. Again, there is a positive result in characteristic p if F/G 
is a p-group (Theorem 15.41) . 

iii) The examples of item ii) also show that if G is a duality group, F might not 
be Bredon duality. In Section [S] we construct an example where G is duality 
over a field F of characteristic 2 and |F : G| = 2 but F is not Bredon duality 
over f , in contrast to what happens for the properties of being FP ^„ or Bredon 
Poincare duality. 

Example 5.6. Finite index extensions of solvable groups of type FPqo are of 
type FP^, are virtually torsion free and have cdF — vcdF([2B]). Torsion free 
solvable Poincare duality groups are precisely polycyclic groups ([3] Theorem 
9.23) and torsion free solvable duality groups are precisely those of type FPoo 
(|11|). So the class of virtually- (torsion- free solvable) groups satisfies all the 
conditions in Question D (and the class of elementary amenable groups satisfies 
conditions i), ii) and iii)). 

Example 5.7. Virtually surface groups and virtually free groups are Bredon 
Poincare duality and have cdF = vcdF. The last assertion is due to Mislin |26) . 
The first one also follows basically with Mislin's proof. 

Question 5.8. If F is virtually torsion free and of type FP^, does it follows 
that cdF = vcdF? And what if we add stronger hypothesis, such as F being 
Bredon duality, or Bredon Poincare duality? 

6 Duality groups in characteristic p. 

The aim of this Section is to construct an example to show that the results 
proven above for Poincare duality groups over F (again, is a field of charac- 
teristic p) can not be generalized to duality groups over F, thus finishing the 
proof of Theorem C. We are going to use Corollary 3.5 in [T31 (or Theorem C in 
[S]) which we state below. Recall first that an n-dimensional simplicial complex 
L is called Cohen-Macaulay if for each simplex a C L (including the empty 
one) , the reduced homology of the link of cr in L is concentrated in dimension 
n — dim cr — 1. 

Theorem 6.1 ([5], [13]). A right-angled Artin group A^ is a duality group if 
and only if L is Cohen-Macaulay. 
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Example 6.2. Let T be the 2-dinicnsional flag complex given by 




The reduced homology of the link of the simplex {u} vanishes everywhere 
except at degree where it is Z. Therefore T is not Cohen-Macaulay. Moreover, 
the link of all the other simplices is either contractible or, in the case of the 2- 
simplices, empty. By the main theorem of il3 , if X(r) denotes the set of 
simplices of T: 

oo 

R*iAr,ZAT)^ [0r-''-^-^(Lk(a))" 

Therefore: 

oo 

if {At, Z At) = 0Z and 
1=1 

oo 

h3(^t,ZAt) = 0[0z]. 

2 1=1 

By the universal coefficient Theorem for groups of type FPoo (|3l Corollary 
3.6), as the cohomology groups above are all torsion free we have 

R'{At,ZAt) ®zF ^ W{At,FAt) 

thus At is neither a duality group nor an i^-duality group. 

Example 6.3. Let W„ denote the Whitehead poset (see [1] Definition 4.2). By 
Theorem 5.13 in [?], Wn is Cohen-Macaulay. Consider the case when n = 4 
and let the symmetric group on 4 letters, S^, act on the poset W4 by permuting 
the labeling. Let us denote by L the simplicial complex associated to W4, 
observe that L is a flag complex with an admissible simplicial action of S'4 . Let 
K = ((1, 2)) < S'4 be the transposition of 1 and 2 and put V K k At with 
the obvious induced action of K on A^. By Theorem 16. 1[ F is a virtual duality 
group, thus it is also i^-duality for F the field of two elements. One easily checks 
that the fixed points subcomplex is precisely the complex T of Example [621 
Since At = Ca^ {K) we deduce that F is neither Bredon duality, nor F-Bredon 
duality. 

The following construction is due to the referee: 

Example 6.4. Consider any triangulation S of the 2-sphere having at least one 
vertex, say v, of degree at least 6. Observe that there is a full subcomplex of 
S isomorphic to the complex T of Example 16.21 Let L be union of two copies 
of S glued along T. We claim that the complex L is Cohen-Macaulay. To see 
observe that: 
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• The link of any 0-simplex cr has the homotopy type of either a 1-sphere, a 
wedge sum of two 1-spheres (if a hes inT\{u})ora wedge sum of three 
1-spheres (if a — {v}). 

• The hnk of any 1-simplex a is either a set of two or a set of three points 
(if cr hes in T). 

Therefore for any simplex a the reduced homology of Lk((T) is concentrated at 
degree 2 — dimcr — 1 so the claim follows. Now, let K — C2 act in L by swapping 
both copies of S. Obviously = T. As before, F is a virtual duality group 
but r = X K Al is neither Bredon duality, nor _F-Bredon duality. 
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